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Summary. This paper deals with two problems on stabilization of linear systems
by static feedbacks which are bounded and time-delayed, namely global asymptotic
stabilization and finite gain Lp −stabilization, p ∈ [1, ∞]. Regarding the first issue,
we provide, under standard necessary conditions, two types of solutions for arbitrary
small bound on the control and large (constant) delay. The first solution is based on
the knowledge of a static stabilizing feedback in the zero-delay case and the second
solution is of nested saturation type, which extends results of [2]. For the finite-gain
Lp −stabilization issue, we assume that the system is neutrally stable. We show the
existence of a linear feedback such that, for arbitrary small bound on the control and
large (constant) delay, finite gain Lp −stability holds with respect to every Lp −norm,
p ∈ [1, ∞]. Moreover, the corresponding Lp −gain is delay-independent.
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1 Introduction
In this paper, we address two issues relative to the stabilization for continuoustime delay linear systems subject to input saturation, of the type
(S) : ẋ(t) = Ax(t) + Bu(t − h),

(1)

where (i) A ∈ Rn×n and B ∈ Rn×m , with n the dimension of the system and
m the number of inputs; (ii) the control u verifies kuk ≤ r, where r ∈ (0, 1]
only depends on (S); (iii) there is an arbitrary constant delay h ≥ 0 appears
in the input.
We use (S)rh , r ∈ (0, 1], h > 0, to denote the control system (S) with input
bound r and input time delay h. We omit the index r if it is equal to one and,
similarly for the index h if it is equal to zero.
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The first problem is that of globally asymptotically stabilizing (S) to the
origin by mean of a static feedback. We then seek u as
u(t − h) = −rσ (Fhr (x(t − h))) ,

(2)

where the non-linearity σ is of “saturation” type (definitions are given in
section (2)) and the function Fhr : Rn −→ Rm is at least locally Lipschitz (to
obtain at least locally solutions).
In the zero–delay case, the stabilization of linear systems with saturating
actuators has been widely investigated in the last years: static feedbacks of
nested saturation type (see [11] and [12]) or based on maximal ellipsoid saturation (see [4]) can be used. It is well-known that such a global asymptotic
stabilization is possible if and only if (S) satisfies

 (i)A is neutrally stable ,
(C) :

(ii) the pair (A, B) is stabilizable .
It is trivial to see that condition (C) is also necessary in the case of non zero
delay and it seems natural to expect condition (C) to be also sufficient. In
that regard, partial results have been recently obtained by Mazenc, Mondie
and Niculescu. To state the results, we define the unrestricted GAS property.
We say that (S)rh is unrestricted GAS if, for arbitrary delay h > 0 and any
input rate r ∈ (0, 1] small enough, (S)rh is global asymptotic stabilizable. The
nested saturation construction is used to show that (S)rh is unrestricted GAS
if A is nilpotent ([2]) and for the two-dimensional oscillator ([3]). One of our
main results is to complete that line of work, namely to show that condition
(C) is sufficient for unrestricted GAS.
We will actually provide two different ways to solve the GAS problem. The
first one is based on the knowledge of a globally Lipschitz static stabilizing
feedback F in the zero–delay case. From it, one can build a static stabilizing
feedback for (S)h∗ , with h∗ > 0 only depending on A, B, σ and KF , the
Lipschitz constant of F . If, in addition, an extra hypothesis holds on stabilizing
feedbacks of (S)r , for r small enough, unrestricted GAS holds. It turns out
that the nested saturated feedbacks of [11] verify these hypotheses, and thus
we conclude, see [14].
The second solution for unrestricted GAS directly uses the nested saturated feedbacks of [11] and can be seen as a generalization of [2, 3]. However,
the argument is an extension to the non-zero delay case of that of [11]. Recall
that, at the heart of the argument of [11], lies a result on finite-gain L∞ stability for one and two dimensional neutrally stable linear systems subject
to input saturation. Such an argument was first introduced in [1], where was
addressed the issue of finite-gain Lp -stability of neutrally stable linear systems
subject to input saturation.
It is therefore natural to consider the Lp -stability question. We extend to
the non-zero delay cases results of [1]. Our objective here consists in showing
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that the results of [1] carry over to continuous linear time-delay systems.
More specifically, we show that, for neutrally stable continuous linear timedelay systems subject to input saturation, finite-gain Lp -stabilization can be
achieved by the use of linear feedbacks, for every p ∈ [1, ∞]. While many of
the arguments of the present paper are conceptually similar to those of [1],
there are technical aspects that are different and not obvious. Indeed, as in
[1], the proof to get finite gain Lp -stability relies on passivity techniques. We
determine a suitable “storage” function Vp and establish for it a “dissipation
dV (x (t))
≤ −kxu (t)kp + λp ku(t)kp , for some constant
inequality” of the form p dtu
λp > 0 possibly depending on the input bound r and the delay h. For more
discussion on passivity, see [13] for instance. Recall that the “storage function”
in [1], Vp0 is non-smooth. In the present situation, the “storage function” Vp
will be the sum of a term similar to Vp0 and a Lyapunov-Krasovskii functional,
in order to take care of the delay. However, unlike in [1], the saturation in (1)
needs to be multiplied by a small factor r dependent on the delay h in order
to insure finite-gain Lp -stability. In addition, by choosing carefully the factor
r and the linear feedback inside the saturation, we are able to provide upper
bounds for the Lp -gains of (S)rh which are independent of r ∈ (0, 1] and h > 0.
We refer to that property as the unrestricted finite-gain Lp -stability.
The argument corresponding to that uniformity result is specific to the
non-zero delay case and constitutes the most technical part of [15]. To establish
it, we first start with the single-input case where it amounts in estimating
the behavior of the solution Pr of a parameterized Lyapunov equation (Lr ),
r ∈ (0, 1], as the parameter r tends to zero. The multi-input case requires
additional work. We first rewrite the original system as an appropriate cascade
of single-input subsystems, all of them except one being perturbed by an
external disturbance, appearing outside the saturation (see Theorem 5). We
then proceed by an inductive argument on the number of distinct algebraic
multiplicities of the eigenvalues of A.
Generally speaking, our treatment of the aforementioned issues on timedelay systems follows a common pattern. We always try to reformulate them
as problems for perturbed delay-free systems and handle the perturbation by
Lyapunov techniques. One of the reasons for which that strategy works well
lies in the fact that the input saturation makes the perturbation uniformly
bounded with respect to the delay.
The complete proofs of the results presented in this paper are contained
in [14] for stabilization and [15] for finite-gain stabilizability.

2 Notations and statement of the main results
2.1 Notations
For x ∈ Rn , kxk and xT denote respectively the Euclidean norm of x and
the transpose of x. Similarly, for any n × m matrix K, K T and kKk denote
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respectively the transpose of K and the induced 2−norm of K. Moreover,
λmin (K) and λmax (K) denote the minimal and the maximal singular values
of the matrix K. If f (.) and g(.) are two real-valued functions, we mean by
f (r) 0 g(r), that there are positive constants ξ1 and ξ2 independent of r
small enough, such that the inequalities
ξ1 g(r) ≤ f (r) ≤ ξ2 g(r),
are valid. Initial conditions for delayed systems are continuous vectors-valued
functions defined on [−h, 0] and taking values in Rn . For h > 0, let Ch :=
C([−h, 0], Rn ); xt (θ) := x(t+θ), for −h ≤ θ ≤ 0 and kxt kh := sup−h≤θ≤0 kx(t+
θ)k.
Definition 1. (Saturation function) We call σ : R −→ R a saturation function (“S-function” for short) if there exist two real numbers 0 < a ≤ Kσ such
that for all t, t0 ∈ R
(i) |σ(t) − σ(t0 )| ≤ Kσ inf(1, |t − t0 |),
(ii) |σ(t) − at| ≤ Kσ tσ(t).
(iii) σ(t) = t when |t| ≤ a.
It is assumed here that the function is normalized at the origin, i.e. a =
σ 0 (0) = 1. The global lipschitzness of σ implies that for every real numbers
x, y,
|x[σ(x + y) − σ(x)]| ≤ K|y|.
For an m−tuple k = (k1 , . . . , km ) of nonnegative integers, define |k| = k1 +
. . . + km . We say that σ is an R|k| − valued S-function if
σ = (σ1 , . . . , σ|k| ) = (σ11 , . . . , σk11 , . . . , σ1m , . . . , σkmm )

= (σi1 )1≤i≤k1 , (σi2 )1≤i≤k2 , . . . , (σim )1≤i≤km ,
where, for 1 ≤ j ≤ m, (σij )1≤i≤kj is an Rkj -valued S-function (i.e : (σij )1≤i≤kj =
(σ1j , . . . , σkj j ) where each component σij , 1 ≤ i ≤ kj is an S-function and


(σij )1≤i≤kj (x) = σ1j (x1 ), . . . , σkj j (xkj ) ,
for x = (x1 , . . . , xkj )T ∈ Rkj . Here we use (. . .)T to denote the transpose of
the vector (. . .).)
Definition 2. Consider the functional differential equation of retarded type

 ẋ(t) = f (xt ), for t ≥ t0 ;
(Σ)h :

xt0 (θ) = Ψ (θ), ∀θ ∈ [−h, 0].
It is assumed that Ψ ∈ Ch , the map f is continuous and Lipschitz in Ψ and
f (0) = 0. We say that (Σ)h is globally asymptotically stable (GAS for short)
if the following conditions hold:
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(i) for every ε > 0, there exists a δ > 0 such that, for any Ψ ∈ Ch , with
kΨ kh ≤ δ, there exists t0 ≥ 0, such that the solution x(Ψ ) of (Σ)h satisfies
kxt (Ψ )kh ≤ ε, for all t ≥ t0 ;
(ii) for all Ψ ∈ Ch , the trajectory of (Σ)h with the initial condition Ψ and
defined on [t0 , ∞) converges to zero as t → ∞.
2.2 GAS using a stabilizing feedback in the zero delay case
Our objective is to relate the asymptotic stability properties of the system (S)
with those of the delay-free system provided that it is globally asymptotically
stable. The study is then extended to investigate conditions which ensure that
the class of linear controllers, stabilizing the delay-free system, also stabilize
(S) by stating the problem as an asymptotic stability problem. For this purpose, the delayed system (S) is considered as a perturbation of that of the
delay-free system. We now state our first result.
Theorem 1. Assume (H)0 : There exists F : Rn −→ Rm globally Lipschitz,
with Lipschitz constant KF such that the system
(S)0 :

ẋ = Ax − Bσ(F (x)),

is globally asymptotically stable with respect to 0.
Then, there exists h∗ = h(A, B, σ, KF ) > 0 such that, for all h ∈ [0, h∗ ], there
exists Fh : Rn −→ Rm that globally asymptotically stabilizes the system
(S)h : ẋ = Ax − Bσ(Fh (x(t − h))),
with respect to zero.
Sketch of proof. Let Fh (x(t)) = F (Φ(t, t − h, x(t))), where Φ is the flow of
the equation (S)0 . We rewrite (S)h as ẋ(t) = Ax(t) − Bσ(F (x(t))) − Bε(t),
where ε(t) as a perturbation of (S)0 . The perturbation ε may cause instability
but we show that kε(x(t))k ≤ K̃e−λt for some K̃ (that may depend on ε) and
t ≥ 0. Using Lemma 3.1 in [6], we are able to conclude.
The second result completes the stability result of Theorem 1 to get unrestricted global asymptotic stability (unrestricted GAS). It is stated as follows:
Theorem 2. Assume (H)r0 : For each r ∈]0, 1], there exists a globally Lipschitz function F r : Rn −→ Rm , with Lipschitz constant KF r , such that
(i)
(ii)

(S)r0 :

ẋ = Ax − rBσ(F r (x)), is GAS with respect to zero ,

rKF r → 0 if r → 0.

Then, for all h ≥ 0, there exists r∗ (h) ∈]0, 1], such that for any r ∈]0, r∗ (h)],
a function Fhr : Rn −→ Rm exists for which the system
(S)rh :

ẋ = Ax − rBσ(Fhr (x(t − h))),

is globally asymptotically stable with respect to zero.
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2.3 Feedbacks of nested saturation type
We next determine two explicit expressions of globally asymptotically stabilizing feedbacks for general time-delay linear systems, both of nested saturation
type, according to the results of the stabilization of delay free-system. The
above problem was first studied for delay-free continuous-time systems. It
was shown in [11] that, under condition (C), there exists explicit expressions
of globally asymptotically stabilizing feedbacks. Then, it is natural to investigate whether this technique can be extended to the case where there is a
delay in the input. In this section, we will take for simplicity the initial state
to be zero. We start by giving some definitions, first introduced in [11] and
adapted here to the delay case.
Definition 3. For a retarded system ẋ(t) = f (x(t), u(t − h)), x ∈ Rn , u ∈
Rm , we say that a feedback u(.) = k(x(.)) is stabilizing if zero is a globally
asymptotically stable equilibrium of the system ẋ(t) = f (x(t), k(x((t − h))).
Definition 4. ( cf. [11]) For a square matrix A, let N (A) = s(A) + z(A),
where s(A) is the number of conjugate pairs of nonzero purely imaginary eigenvalues of A (counting multiplicity) and z(A) is the multiplicity of zero as an
eigenvalue of A.
Theorem 3. Assume that condition (C) holds for (S)rh . Let N = N (A) and
σ = (σ1 , . . . , σN ) be an arbitrary sequence of S-functions. Then, for all h > 0,
there exist a number r∗ (h) ∈ (0, 1], an m−tuple k = (k1 , . . . , km ) of non
negative integers such that |k| = N and for each 1 ≤ j ≤ m, linear functions
j
j
fh,i
, gh,i
: Rn −→ R, 1 ≤ i ≤ kj , such that for all r ∈ (0, r∗ (h)], there are
stabilizing feedbacks
j
j
(∗) uj (t − h) = −rσkj j {fh,k
(x(t − h)) + αkj j −1 σkj j −1 [fh,k
(x(t − h))+
j
j −1
j j
j
+ . . . + α1 σ1 (fh,1 (x(t − h))) . . .]},
(3)
where αij ≥ 0, for all i ∈ [1, kj − 1], and
h




j
j
j
j
(∗∗) uj (t − h) = −r βkj j σkj j gh,k
(x(t
−
h))
+
β
σ
g
(x(t
−
h))
+
kj −1 kj −1
h,kj −1
j

i
j j
j
+ . . . + β1 σ1 gh,1 (x(t − h)) ,
(4)
where β1j , . . . , βkj j are nonnegative constants such that β1j + . . . + βkj j ≤ 1.

Sketch of proof. The argument of follows the strategy of proof of the principal result of [11]. We start therefore with the single-input case and prove the
theorem by induction on the dimension of the system. In order to facilitate
the analysis of the stabilizability properties by bounded feedback of (S)rh , a
linear transformation is carried out in [11].
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Lemma 1. ( cf. [11]) Let (S1 )rh : ẋ(t) = Ax(t)+bu(t−h) be an n-dimensional
linear single-input system. Suppose that (A, b) is a controllable pair and all
eigenvalues of A are critical.
(i) If 0 is an eigenvalue of A, then there exists a linear coordinate transformation y = Sx which transforms (S1 )rh into

 ȳ˙ (t) = A1 ȳ(t) + (yn (t) + u(t − h)) b1 ,
(5)

ẏn (t) = u(t − h),
where the pair (A1 , b1 ) is controllable, yn is a scalar variable, and ȳ =
(y1 , . . . , yn−1 )T .
(ii) If A has an eigenvalue of the form iω, with ω > 0, then there is a
linear change of coordinates Sx = (y1 , . . . , yn )T = (ȳ T , yn−1 , yn )T of Rn that
puts (S1 )rh in the form:

ȳ˙ (t) = A1 ȳ(t) + (yn (t) + u(t − h)) b1 ,





ẏn−1 (t) = ωyn (t),
(6)





ẏn (t) = −ωyn−1 (t) + u(t − h),
where the pair (A1 , b1 ) is controllable and yn−1 , yn are scalar variables.
The following lemma is the key technical point of the proof.
Lemma 2. Let ρ > 0 and σ be an S-function. Then, for all h > 0 there exist
r∗ (h) ∈]0, 1] and an 2×1 matrix Fh such that, for any two bounded measurable
functions α(t), β(t) converges both to zero as t −→ ∞ and for all r ∈]0, r∗ (h)],
the control system

ẋ1 (t) = ρx2 (t) + rα(t),





(S2 )rh : ẋ2 (t) = −ρx1 (t) − rσ(FhT x(t − h) + u(t − h)) + rv(t − h) + rβ(t),





T
x0 = ((x1 )0 , (x2 )0 ) = 0̄, on [−h, 0],
with 0̄ the zero function in Ch , and u, v ∈ L∞ ([−h, ∞), R), with kvkL∞ ≤
v , (v ∗ independent of r) verifies:
(i) There exists a finite constant M∞ > 0 independent of r, such that
∗

lim sup kx(t)k ≤ M∞ (kukL∞ + kvkL∞ + kf kL∞ ) ,

(7)

t→∞

where x = (x1 , x2 )T , f = (α, β)T .
(ii) In the absence of u, v and f , the equilibrium (x, y) = (0, 0) is globally
asymptotically stable.
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−ρA0 h
Sketch
of
b, where

 proof. We consider the linear feedback Fh = e
0 1
T
A0 =
and b = (0, 1) . The argument here is the simplest case of the
−1 0
more general result given in Proposition 1 for the single input case, see the
corresponding sketch of proof below. More precisely, it corresponds to p = 2,
A = A0 and b is defined above. Note that in this case, the matrix Pr can be
computed explicitly as well as λmax (Pr ) and λmin (Pr ).

2.4 Finite gain stabilizability
Finite-gain stability results for various p−norms are presented. We start with
definitions.
Lp −Stability. For p ∈ [1, ∞] and 0 ≤ h, we use Lp to denote Lp (−h, ∞)
R
 p1
∞
and we let kykLp denote the Lp −norm: kykLp = −h ky(t)kp dt , if p < ∞
and kykL∞ = ess sup−h≤t<∞ ky(t)k.
Consider the control system with delay in the input given by
(Σ)h : ẋ(t) = f (x(t), u(t − h)), for t ≥ 0,
where the state x and the control u take respectively values in Rn and Rm and
f : Rn × Rm → Rn , is locally Lipschitz in (x, u), with f (0, 0) = 0. Trajectories
of (Σ)h starting at an initial condition x0 ∈ Ch and corresponding to an input
u ∈ Lp are defined for a time interval I of + (which may depend on x0 and
u) and verify the equation (Σ)h for almost every t ∈ I. Let 0̄ be the zero
function in Ch .
Definition 5. (Lp −stability): Given p ∈ [1, ∞], the continuous-time delay
system (Σ)h is said to be Lp −stable if, for every u ∈ Lp , we have xu ∈ Lp ,
where xu denotes the solution of (Σ)h corresponding to u with initial condition
x0 = 0̄.
Definition 6. (Finite-gain Lp − stability) : Given p ∈ [1, ∞], the continuoustime delay system (Σ)h is said to be finite-gain Lp −stable if it is Lp −stable,
and there exists a positive constant Mp such that, for every u ∈ Lp ,
kxu kLp ≤ Mp kukLp .
Furthermore, the infimum of such numbers Mp will be called the Lp −gain of
the system.
We next give our main results.
Theorem 4. Let A, B be n × n, n × m matrices respectively. Let σ be an
Rm −valued S−function. Assume that A be neutrally stable and (A, B) controllable. Then, for every h ≥ 0, there exists an n × m matrix Fh such that
the system,
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(S)rh : ẋ = Ax − rBσ(FhT x(t − h) + u(t − h)), for t ≥ 0,
has the unrestricted finite gain Lp -stability property for every p ∈ [1, ∞], i.e.,
for every h > 0, there exists r∗ (h) ∈ (0, 1] such that for every p ∈ [1, ∞], (S)rh ,
r ∈ (0, r∗ (h)], is finite-gain Lp -stable.
Remark 1. In the absence of u, the equilibrium point 0̄ is globally asymptotically stable for the delayed system ẋ(t) = Ax(t) − rBσ(FhT x(t − h)).
Theorem 4 is a particular case of a stronger result given next.
Theorem 5. With the same hypothesis on A, B and σ, consider the following
delayed system (still denoted (S)rh )

(S)rh : ẋ(t) = Ax(t)−rBσ FhT x(t−h)+u1 (t−h)
+ ru2 (t − h), for t ≥ 0,
where Fh is defined as in Theorem 4 and the input u2 takes values in Rn .
then, there exist a constant C0 > 0 and, for every 1 ≤ p ≤ ∞, a constant
Mp > 0 such that, for every h > 0 there is an r∗ (h) ∈ (0, 1], for which the
trajectories xu1 ,u2 of (S)rh , r ∈ (0, r∗ (h)], starting at 0̄ and corresponding to
u1 , u2 ∈ Lp with ku2 kL∞ ≤ C0 , verify
kxu1 ,u2 kLp ≤ Mp (ku1 kLp + ku2 kLp ) .

(8)

Remark 2. It will be clear from our argument that we can in fact obtain the
following stronger Input-To-State-Stable (ISS for short)-like property ([9] and
references there):
kxψ
u1 ,u2 kLp ≤ θp (kψkh ) + Mp (ku1 kLp + ku2 kLp ),

(9)

where ψ ∈ Ch is the initial condition for the trajectory xψ
u1 ,u2 corresponding
to u1 , u2 and θp is a K-function (i.e. θp : R+ → R+ , is continuous, strictly
increasing and satisfies θp (0) = 0.).
Sketch of proof of Theorem 5. From
linear algebra, a neutrally
 elementary

A1 0
stable matrix A is similar to a matrix
, where A1 is an q ×q Hurwitz
0 A2
matrix and A2 is an (n − q) × (n − q) skew-symmetric matrix. So, up to a
change of coordinates, we may assume that A is already in this form. In this
coordinates, we write B = (B1T B2T )T , where B2 is an (n − q) × m matrix
and we write vectors as x = (xT1 , xT2 )T and u2 = (uT21 , uT22 )T .
For r ∈ (0, 1] and h > 0, consider the feedback law (0, FhT ). Then system
r
(S)h , with this choice of FhT , can be written as

 ẋ1 (t) = A1 x1 (t) − rB1 σ(FhT x2 (t − h) + u1 (t − h)) + ru21 (t − h),


ẋ2 (t) = A2 x2 (t) − rB2 σ(FhT x2 (t − h) + u1 (t − h)) + ru22 (t − h).

12

Karim Yakoubi

Yacine Chitour

Since A1 is Hurwitz, it will be sufficient to show that there exists an
r∗ (h) ∈ (0, 1], such that the x2 − subsystem is finite gain Lp −stable, for all
r ∈ (0, r∗ (h)].
The controllability assumption on (A, B) implies that the pair (A2 , B2 )
is also controllable. Therefore, the theorem is a consequence of the following
proposition.
Proposition 1. Let σ, u1 , u2 be as in Theorem 5. Let (A, B) a controllable
pair with A skew-symmetric. Then, for every h ≥ 0, there exist an n × m
matrix Fh and r∗ (h) ∈ (0, 1], such that, for every r ∈ (0, r∗ (h)], the system
(S)rh : ẋ(t) = Ax(t) − rBσ[FhT x(t − h) + u1 (t − h)] + ru2 (t − h), for t ≥ 0,
verifies the conclusion of Theorem 5.
Sketch of proof. We start the proof by zooming on the single-input case.
The general proof first starts with algebraic transformations and proceeds by
induction on the number of distinct algebraic multiplicities of the eigenvalues
of A.
1) The single-input case: The principal idea is to rephrase the delay systems as problems for perturbed delay-free systems and handle the perturbation by Lyapunov techniques. For this, Let h > 0 and consider y the solution
of

 ẏ(t) = (A − rbbT )y(t) + ru2 (t − h), for t ≥ 0,
(10)

y0 = 0̄, on [−h, 0].
Since A is skew-symmetric, the matrix Ar := A − rbbT is Hurwitz for every
r > 0. Then (10) is Lp −stable for any 1 ≤ p ≤ ∞. Let γp be it is Lp −gain, so
kykLp ≤ γp ku2 kLp .
Let x be the solution of (S)rh starting at 0̄ ∈ Ch and corresponding to
u1 , u2 . Set z := x − y. Then, z satisfies, for t ≥ 0,




 ż(t) = Az(t) − rb σ FhT z(t − h) + ũ(t − h) − ṽ(t) ,
(11)

z0 = 0̄, on [−h, 0].
where ũ(t − h) = FhT y(t − h) + u1 (t − h) and ṽ(t) = bT y(t). From (11), we
have
Z t
Ah
z(t) = e z(t − h) − r
eA(t−ξ) b[σ(FhT z(ξ − h) + ũ(ξ − h)) − ṽ(ξ)]dξ.
t−h

Then,
˜
FhT z(t − h) + ũ(t − h) = bT z(t) + d(t),
where
˜ = ũ(t − h) + r
d(t)

Z

t

t−h

bT eA(t−ξ) b[σ(FhT z(ξ − h) + ũ(ξ − h)) − ṽ(ξ)]dξ.
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Consider the Lyapunov function defined by
p
kz(t)kp+1
Vp,r (t, z) := λp,r
+ (z T (t)Pr z(t)) 2 + µp,r
p+1

Z

t

t−2h

Z t
kz(l)kp dl)ds,
(
s

where Pr is the unique positive-definite solution to the Lyapunov equation
X(A − rbbT ) + (A − rbbT )T X = −Idn .
The appropriate choice of λp,r and µp,r requires careful estimates on Pr as r
tends to zero.
We need the next lemma (in order to show ultimately the independence
of Mp with respect the parameters r and h).
Lemma 3.. Let A and b be as in Proposition 1. Then, the following properties
hold.
There exists a r∗ ∈ (0, 1] such that for all t ≥ 0,
0

C10 e−C2 rt ≤ ||e(A−rbb

T

)t

|| ≤ C1 e−C2 rt ,

∀r ∈ (0, r∗ ],

(12)

for some positive constants C1 , C10 , C2 and C20 independent of r, and
λmax (Pr ) 0 λmin (Pr ) 0

1
.
r

(13)

We determine a dissipation inequality for Vp,r , i.e., we take the time derivative
of Vp,r (t, x(t)) along trajectories of (S)rh . After some computation we get
V̇p,r (z(t)) ≤ −C1 (r)kz(t)kp + C2 (r)kz(t)kp−1 [kũ(t − h)k + kṽ(t)k+
(14)
+ rC3

Rt

(kũ(ξ − h)k + kṽ(ξ)k) dξ],
t−h

where C1 (r), C2 (r) and C3 denote constants that are dependent and independent of r. For every t ≥ 0, integrating (14) from 0 to t and applying Hölder’s
inequality, we get
p−1
Vp (z(t))+C1 (r)kzkpLp [0,t] ≤ (1+rhC3 )C2 (r)kzkL
p [0,t] × (kũkLp +kṽkLp ). (15)

Since Vp,r ≥ 0 and

kṽkLp ≤ kbkkykLp ≤ γp kbkku2 kLp ,





kũkLp ≤ ku1 kLp + γp kbkku2 kLp ,





kzkLp ≥ kxkLp − kykLp ≥ kxkLp − γp ku2 kLp ,
we get that x ∈ Lp ([0, ∞), Rn ) and
kxkLp ≤ Mp (ku1 kLp + ku2 kLp ),

(16)
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where
Mp = max{



C2 (r)
C2 (r)
(1 + rhC3 ), γp 1 + 2kbk
(1 + rhC3 ) }.
C1 (r)
C1 (r)

(17)

A careful computation shows that
C2 (r)
λmax (Pr ) | p −1|
0 (
)2
0 1,
C1 (r)
λmin (Pr )

(18)

thanks to Lemma 3 and by choosing rh ≤ 1. In that way, the Lp −gain Mp is
delay-independent.
2) The general case: Complete details of the argument of this case are
given in [15] In the single input case (m = 1), Fh can be chosen as e−Ah B,
which corresponds, up to the delay h, to the linear feedback law suggested
by the passivity approach and used in [1]. A simple adaptation of the proof
to the multi-input case shows that such a feedback can also be used to get
Lp −stability but the corresponding Lp −gain is delay-independent only for
single-input systems. The difference between the single and the multi-input
case shows up in (13). In the multi-input case, there are n eigenvalues of
Ar = A − rBB T , λ1 (r), . . . , λn (r), defining continuous functions, which are
not analytic in general. These functions, though, can be written as Puiseux
series (cf. [7]),
∞
X
(i) j
λi (r) = λi (0) +
αj r pi ,
j=1

where λi (0) is a root of multiplicity ξ of A and pi is positive integers eventually
larger than one. It implies that
1
1
λmax (Pr ) 0 ( )smax and λmin (Pr ) 0 ( )smin ,
r
r
for positive constants 1 ≤ smin ≤ smax . Therefore, by equation (18) the
Lp −gain Mp cannot be delay-independent.

References
1. W. Liu, Y.Chitour and E.D. Sontag, “On finite-gain stabilizability of linear
systems subject to input saturation”, Siam J. Control Opt., Vol 34, NO 4, pp.
1190-1219, 1996.
2. F. Mazenc, S. Mondie and S. Niculescu, “Global Asymptotic Stabilization for
Chains of Integrators with a Delay in the Input”, IEEE Trans. Automat. Contr.,
Vol. 48, No. 1, 2003, pp. 57-63.
3. F. Mazenc, S. Mondie and S. Niculescu, “Global Stabilization of oscillators with
bounded Delayed Input”, Proceedings of the 41th IEEE Conference on decision
and control, Las Vegas 2002.

Stabilization and Finite-gain stabilizability

15

4. A. Megretsky, “A gain scheduled for systems with saturation which makes the
closed loop system L2 − bounded”, IFAC congres 1996.
5. S.I. Niculescu, Delay effects on stability: a control perspective, Lecture Notes
in Control and Inform. Springer, London (2001). Springer-Verlag, New York,
(1990).
6. E.D. Sontag and H.J. Sussmann, “Nonlinear output feedback design for linear
systems with saturating controls,” Proc. IEEE Conf. Decision and Control, Honolulu, Dec. 1990, IEEE Publications, 1990, pp. 3414-3416.
7. M. Reed and B. Simon“Methods of modern Mathematical Physics, IV”, Analysis
of operators. Academic Press, New York, 1978.
8. A. Saberi, P. Hou and A. A. Stoorvogel, “On simultaneous global external and
global internal stabilization of critically unstable linear systems with saturating
actuators”, IEEE Trans. Automat. Control, VOL. 45, NO. 6, June 2000.
9. E. D. Sontag, “Comments on integral variants of ISS”, Systems and Control
Letters 43, 93-100, 1998.
10. E.D. Sontag, “Mathematical control theory: Deterministic Finite Dimensional
systems”
11. H.J. Sussmann, E.D. Sontag and Y. Yang, “A general result on the stabilization
of linear systems using bounded controls”, IEEE Trans. Automat. Contr. Vol.
39 pp. 2411-2425, 1994.
12. A. Teel, “Global stabilization and restricted tracking for multiple integrators with
bounded controls,”, Syst. Control lett. vol. 18, pp. 165-171, 1992.
13. A.J. Van Der Schaft, “L2 -gain and passivity techniques in nonlinear control”,
Lecture Notes in Control and Inform. Springer, London (1996).
14. K. Yakoubi and Y. Chitour, “Linear systems subject to input saturation and
time delay: Global asymptotic stabilization”, submitted.
15. K. Yakoubi and Y. Chitour, “Linear systems subject to input saturation and
time delay: Finite-gain Lp −stabilization”, submitted.

